In this paper, the buckling behavior of rods made of carbon fiber/carbon nanotube-reinforced polyimide (CF/CNT-RP) under the action of axial load is investigated based on a multiscale finite element method. A dual-step procedure is first adopted to couple the influences of microand nano-scale in order to obtain the equivalent elastic properties of CF/CNT-RP for various volume fractions of CF and CNT. The interphase effect between CNTs and the polymer matrix is taken into consideration. Also, dispersion of CF/CNT into the polymer matrix is assumed to be random. Then, rods with square and circular cross sections are considered whose stability characteristics are analyzed. The finite element modeling is performed using two models including a 3D brick model and a 2D beam model. Selected numerical results are given to study the effects of volume fraction of CNT/CF, interphase and geometrical properties on the axial buckling response of multiscale composite rods.
Introduction
Hybrid composite materials have been the focus of several research works in recent years [1] [2] [3] [4] [5] [6] [7] .
This attention is mainly attributed to the wide range of possibilities to modify the properties of such materials at different length scales. In particular, polymer matrix composites reinforced with carbon nanotubes (CNTs) and carbon fibers (CFs) have attracted a lot of attention from the research community due to their excellent mechanical and electrical properties together with multi-functionality. For example, CNT/CF/epoxy composites indicated ∼30% enhancement of the interlaminar shear strength in comparison with that of CF/epoxy composites without CNTs, and demonstrated considerably improved out-of-plane electrical conductivity [1] . Alipour Skandani and Al-Haik [5] revealed that surface grown CNTs can enhance the CF-reinforced composite resistance to viscoplastic deformation. Pal and Kumar [6] showed that even at low CF content, dispersing CNTs in the CF-polymer composite significantly improves the effective electrical conductivity and electrical percolation threshold of the resulting composite. The properties and performance of CNT-reinforced composites are dependent on different parameters. Synthesizing strategy, morphology of CNTs, type of matrix (e.g. metal, polymer, etc.), dispersion of CNTs and interfacial reactions between CNTs and matrix can be mentioned as some examples. The reader is referred to [8] for more details.
Up to now, many micromechanical models have been developed to estimate the mechanical properties of CNT-reinforced composites [9] [10] [11] [12] [13] [14] [15] . Also, there are some research works in which the mechanical behaviors (e.g. vibration, buckling, bending) of structural elements made of nanocomposites have been studied [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
As the lattice structure of CNTs is not incorporated into the micromechanical models, the direct application of continuum micromechanical models may lead to inaccurate results in the analysis of CNT-reinforced composites [33] . Furthermore, CNT/polymer matrix interphase region is one of the most important factors in the analysis of reinforced polymers with CNTs [34] . The interphase is formed by non-bonded van der Waals (vdW) interaction between the CNT and surrounding matrix. Therefore, multi-scale modeling approaches to consider the coupled micro-and nano-scale effects have been proposed in a number of works [35] [36] [37] [38] [39] [40] [41] [42] [43] .
Also, there are some size-dependent generalized continuum theories to capture small-scale effects. The nonlocal, strain gradient and couple stress theories are well-known non-classical elasticity theories capable of considering size influences at micro-and nano-scale. On the basis of nonlocal elasticity theory, the stress tensor at a reference point in a body depends not only on the strain tensor at that point, but also on the strain tensor at all other points of the body. The nonlocal parameter of this theory can be determined using experimental data or results from atomistic approaches like molecular dynamics simulations. The nonlocal theory has been applied to various problems such as buckling of microtubules and boron-nitride nanotubes embedded in elastic medium [44, 45] and bending/ buckling/ free vibration analyses of nanobeams [46, 47] .
The reader is also referred to [48] [49] [50] [51] [52] as some examples for the applications of strain gradient and couple stress theories.
As cited, there are some papers on the finite element multiscale modeling of structural elements made of nanocomposites. However, to the authors' knowledge, the buckling behavior of rods made of CNT/CF-reinforced polyimide considering coupled effects of micro-and nanoscale based on a finite element approach has not been investigated yet. Therefore in the present paper, the multiscale buckling analysis of composite rods made of CNT/CF-reinforced polyimide is presented employing the finite element method (FEM). To achieve this aim, the elastic properties of CNT/CF-RP including Young's modulus and Poisson's ratio are first determined using a dual-step procedure. In the first step, CNTs with three values of volume fraction (1%, 3% and 5%) are randomly dispersed into the polymer matrix (polyimide). In the selected representative volume element (RVE), the interphase region between CNTs and the polymer matrix is taken into account. Then, random distribution of CFs into the CNT-reinforced polymer is modeled according to six cases of hybrid CNT/CF reinforcement. The elastic properties of composite are calculated with and without considering the interphase influence. After that, the axial buckling of rods made of CNT/CF-RP with circular and square cross sections is analyzed.
The analysis is performed via two models: a 3D brick model and a 2D beam model. The effect of some important factors including interphase, volume fraction of CNT/CF and size on the critical buckling loads are investigated. Also, a comparison is made between the predictions of brick and beam models.
Dual-Step Multiscale Finite Element Modeling
In order to estimate the elastic constants of polyimide reinforced by carbon fibers and carbon nanotubes, a dual-step procedure is adopted herein [38] . In the first step, CNTs are dispersed into the polymer matrix (polyimide) with three volume fractions including 1%, 3% and 5%. The RVE model of this step can be observed in Fig. 1 . The dispersion of CNTs is considered to be random from the viewpoints of orientation and coordinates. In addition, they are dispersed approximately homogenous without aggregation. The RVE consists of three phases: CNTs, polymer matrix and interphase. The interphase is formed due to non-bonded vdW interaction between the CNT and surrounding matrix. It is modeled as a layer developed around the CNT. Shen and Li [53, 54] showed that CNTs are transversely isotropic materials. Consequently, CNTs are modeled as transversely isotropic materials in the present finite element modeling. Also, the polymer matrix and interphase are considered as isotropic.
In the next step, CFs are distributed in the CNT-reinforced polyimide (CNT-RP) that is considered a homogenous material with the properties estimated in the first step. Six cases are studied for the hybrid reinforcement: for the 3D brick model.
Results and Discussion
First, in order to validate the proposed multiscale FEM, the present results for Young's modulus of polypropylene reinforced with randomly oriented CNTs are compared with the experimental results given in [55] . Table 1 shows the normalized Young's modulus of CNT-reinforced polypropylene for different volume fractions of CNT. It is seen that the present results are in good agreement with those reported in [55] .
The material properties of composite constituents are given in Table 2 . In this CFs are selected as 10 and 10 μm, respectively. Moreover, the aspect ratio and diameter of CNTs are taken as 100 and 0.78 nm, respectively. Also, the thickness of interphase is considered to be 0.3333 nm.
To study the mesh convergence, as an example, Young's modulus of 2.85% CNT -5% CF -RP (without interphase) is computed with various mesh sizes as shown in Table 3 . This table reveals a converged trend with mesh size becoming smaller. It is worth mentioning that the fining mesh is performed to reach a change smaller than 0.005% in the solution.
The values of equivalent Young's modulus, Poisson's ratio and mass density of CNT/CFreinforced polyimide for different volume fractions of CNT/CF are tabulated in Table 4 . The results of this table are generated with and without considering interphase in order to show such an effect. The elastic properties of pristine material (polyimide) are also given so as to study the effect of reinforcement. According to the results, Young's modulus computed with taking the interphase effect into account is larger than that obtained without considering the interphase effect. For example, there is 4.5% increase in the value of Young's modulus of (4.75% CNT + 5% CF + Polyimide) when the interphase is considered.
As expected, reinforcing polyimide with CNT/CF results in increasing the elastic modulus.
For instance, when 5% CNT is added to the polymer matrix, an 88% increase in the elastic modulus of resulting composite material is observed. Also, the increase reaches 133% in the case of (4.5% CNT + 10% CF + Polyimide). It is also observed that the effect of reinforcement on
Poisson's ratio is insignificant. Now, the buckling results of composite rods made of CNT/CF-RP are given and discussed. It is considered that the rods are under an axial point load applied to the center of cross section (circular and square). Furthermore, the boundary condition of rods is assumed to be clampedfree.
In Table 5 , the results of multiscale FEM are compared to those obtained from Euler's formula. The critical load based on Euler's formula is given by
where , , and denote elastic modulus, second moment of inertia of the cross section, length and effective length factor of the rod, respectively. The comparison is done for rods with both circular and square cross sections using 3D brick and 2D beam models. Also, various values of diameter are considered. It is observed that the finite element results agree well with the ones obtained based on Euler's formula. Tables 6 and 7 show the critical buckling loads of rods made of different materials with circular and square cross sections, respectively. The results of these tables are obtained by both brick and beam models. The effects of interphase, material and geometrical properties on the buckling behavior of rods can be investigated herein. It is seen that by the hybrid CNT/CF reinforcement, the resistance of rods to applied axial load improves significantly. For example, for the cylindrical rod with the radius equal to 20 mm, the critical buckling load 123% increases when the material is changed from polyimide to (4.5% CNT + 10% CF + Polyimide).
Besides, the interphase effect on the calculated critical buckling loads is observed from Tables   6 and 7 . For example, for the square rod made of (4.75% CNT + 5% CF + Polyimide) with the diameter equal to 40 mm, the critical buckling load calculated with considering the interphase is 4% larger than that obtained without taking the interphase into consideration.
Also, comparison between the results generated based on the 3D brick model and 2D beam model indicates that the discrepancy between the predictions of two models can be neglected for small values of radius/diameter. However, the difference increases as the radius/diameter gets larger.
Conclusion
A dual-step multiscale FE procedure was employed in this work in order to investigate the buckling behavior of rods made of polyimide reinforced with the combination of CNT and CF.
To this end, the elastic modulus and Poisson's ratio of CNT/CF-RP for various reinforcement types were first calculated. It was shown that the elastic modulus considerably increases when polyimide is reinforced by the combination of CNT and CF. Moreover, the effect of interphase on the results was examined. It was indicated that the elastic modulus obtained with considering the interphase effect is larger than that obtained without the interphase effect. It was also concluded that the effect of reinforcement on Poisson's ratio is insignificant. After determining the elastic properties of CNT/CF-RP, the critical buckling loads of hybrid polymer composite rods with circular and square cross sections were calculated. The results revealed that the buckling behavior of rods is significantly affected by the type of reinforcement. It was observed that there is a notable improvement in the resistance of rods to the buckling when their material is a hybrid CNT/CF-polyimide composite instead of neat polyimide. A comparison was also made between the results of 3D brick and 2D beam models.
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